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Abstract: In this paper, the overcharging problem and thermodynamics in the
extended phase spaces of the five-dimensional spherically symmetric topological black
holes are investigated by absorptions of scalar particles and fermions. The cosmologi-
cal constant is regarded as a variable related to pressure and its conjugate quantity is
a thermodynamic volume. The first law of thermodynamics is recovered. The second
law is violated in the extended phase space of the extremal and near-extremal black
holes. The overcharging problem is tested by the existence of the event horizons. The
event horizon is determined by the metric component f(r). The minimal values of
the metric component at the final stage show that the extremal and near-extremal
black holes can not be overcharged.
1 Introduction
It is well known that a spacetime singularity can be formed at the end of gravitational
collapse. Near the singularity, physical laws fail. To avoid the physical damage caused
by the singularity, Penrose pointed out that under normal material properties and
initial conditions, naked singularities cannot be formed in the real physical process [1].
This is the weak form of the cosmic censorship conjecture. It shows that singularities
are not naked and hide behind event horizons. This cosmic censorship conjecture plays
an important role in black hole physics, and its validity is a necessary condition to
ensure the predictability of physical laws. Although its correctness is widely accepted,
there is no complete evidence to prove it.
An effective method to test the weak cosmic censorship conjecture (WCCC) is the
Gedanken experiment designed byWald [2]. In this experiment, a particle with energy,
large enough angular momentum and charge is thrown into a charged rotating black
hole to test the evolution of the black hole. The evolution result is described by the
new spacetime metric. If the final state of the black hole evolution is no longer a black
hole, there is no event horizon and the singularity is naked. The solution of the event
horizon is determined by the metric components. Therefore, one only needs to check
the existence of the horizon to judge whether the singularity is naked. The energy,
charge and angular momentum of the black hole can also be gotten by the interaction
between the black hole and a field. The field has a finite energy (i.e. it contains a
wave packet). At first, the field does not exist, there is only the black hole. Then, the
field comes from infinity and interacts with the black hole. Due to the interaction,
energy, charge and angular momentum are transferred between the black hole and
field. Part of the field is absorbed by the black hole and the other part is reflected back
to infinity. Finally, the field decays, and the energy, charge and angular momentum of
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the black hole change. Using this field view, Semiz first adopted a complex scalar field
to test the WCCC and found that the dyonic Kerr-Newman black hole could not be
overcharged [3]. This result was supported by the work of Toth [4]. Based on the seed
work of Wald, the validity of the WCCC in the various spacetimes has been tested
[5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28].
In the relevant discussions, the self-force effect, tunnelling effect, radiation reaction
were taken into account [29, 30, 31, 32]. However, there is no consensus. In these
researches, the black holes are assumed to exist in advance. The formation of the
naked singularity was also discussed by the numerical method [33]. In the discussion,
it was assumed that a celestial body before particles being absorbed is not a black
hole, but a general dense star.
The cosmological constant used to be a fixed constant. Recently, it was seen as
a variable in the work of Kastor and others [34, 35, 36, 37]. One of the reasons for
this consideration is that the cosmological constant, as a variable, can reconcile the
inconsistency between the first law of thermodynamics of black holes and the Smarr
relation derived from the scaling method. The second reason is that if people con-
sider ”more fundamental” theories, physical constants, such as the gauge coupling
constant, Yukawa coupling constant, Newtonian constant or cosmological constant
arise as vacuum expectation values are not fixed in advance and can vary [38]. The
cosmological constant was seen as a pressure, and its conjugate quantity is a thermo-
dynamic volume. Using the standard thermodynamics, Kubiznak and Mann studied
the critical behavior of the charged anti-de Sitter black hole. They found that its
critical index was consistent with that of van der Waals system [37]. The original
first law of black hole thermodynamics was modified to
dM = TdS + φdQ+ V dP +ΩdJ. (1)
The corresponding Smarr relation is
(n− 3)M = (n− 2)TS + (n− 2)ΩJ + (n− 3)φQ− 2V P. (2)
where the mass M is expressed as the enthalpy and n is the dimension of the space-
time. Introducing the thermodynamic pressure and volume into the black hole system,
one can use the standard thermodynamic formulae to calculate various thermody-
namic quantities and discuss various thermodynamic phenomena. In the extended
phase space, many interesting thermodynamic phenomena have been found, includ-
ing the reentant phase transition, repulsive interaction in the high temperature black
holes, multiphase transition in the quasi topological gravity and Lovelock gravity, and
other thermodynamic phenomena [39, 40, 41, 42, 43, 44, 45].
In the recent work, Gwak studied the WCCC in the extended phase space of the
rotating black hole, where the pressure and volume were introduced [46]. He found
that the black hole could not be overspun by throwing a particle with energy and
large enough angular momentum into the hole. This result is in consistence with
that gotten in the new version Gedanken experiment [47, 48, 49, 50, 51, 52]. In the
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extremal and near-extremal cases, the entropies decreased. This means the violation
of the second law of thermodynamics in the extended phase space. The same result
was gotten in the subsequent work [53, 54, 55, 56, 57, 58, 59, 60]. In these work, an
important relation between the momentum, energy and angular momentum or charge
of the particle was gotten by the Hamilton-Jacobi equation.
In this paper, we investigate the WCCC and thermodynamics in extended phase
spaces of five-dimensional charged topological black holes by absorptions of scalar
particles and fermions. These black holes are a spacial case of a (n + 1)-dimensional
Einstein-Maxwell-dilaton gravity solution [61], where the dilaton α = 0. The test
particles in this paper are scalar particles and fermions, which satisfy the Klein-
Gordon equation and Dirac equation in curved spacetime, respectively. The first law
of thermodynamics is recovered by the absorptions of the particles. In the extremal
and near-extremal cases, the second law is violated in the extended phase spaces. The
overcharging problem is tested by the existence of the event horizon. The minimal
values of the metric component f(r) at the final stages show that the extremal and
near-extremal black holes can not be overcharged.
The rest is organized as follows. The five-dimensional topological black hole is
given and the thermodynamics are discussed in the next section. In section 3, we
investigate the absorptions of the scalar particle and fermion by the black hole. The
relation between the momentum, energy and charge of the particle is gotten. In
section 4, the thermodynamics in the extended phase space are investigated by the
absorptions of the particles. In section 5, the overcharging problem is tested by
throwing a particle in the near-extremal and extremal black holes. The last section
is devoted to our discussion and conclusion.
2 The black hole solution
The action described the (n+1)-dimensional Einstein-Maxwell-dilaton gravity is [62]
S = 1
16π
∫
dxn+1
√−g
[
R− 4
n− 1 (∇Φ)
2 − V (Φ)− e− 4αΦn−1FµνFµν
]
, (3)
where n ≥ 3, R is the Ricci scalar curvature, Φ is a dilaton field, and V (Φ) is a
potential for Φ,
V (Φ) = 2Λe
4αΦ
n−1 +
k(n− 1)(n − 2)α2
b2(α2 − 1) e
4Φ
(n−1)α . (4)
Λ is a negative cosmological constant. α is a constant determining the coupling
strength of the scalar and electromagnetic fields. Fµν = ∂µAν − ∂νAµ is the electro-
magnetic field tensor and Aµ denotes the electromagnetic potential. The black hole
solutions in the Einstein-Maxwell-dilaton gravity with the dilaton coupling parameter
α are given by [61]
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2R2(r)dΩ2k,n−1, (5)
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where
f(r) = −k(n− 2)(α
2 + 1)2b−2γr2γ
(α2 − 1)(α2 + n− 2) −
m
r(n−1)(1−γ)−1
+
2q2(α2 + 1)2b−2(n−2)γr2(n−2)(γ−1)
(α2 − 1)(α2 + n− 2) +
2Λ(α2 + 1)2b2γr2(1−γ)
(n− 1)(α2 − n) , (6)
R(r) = e
2αΦ
n−1 , Φ(r) = (n−1)α2(1+α2) ln
(
b
r
)
, γ = α
2
α2+1 and b is an arbitrary constant. dΩ
2
k,n−1
describes a (n−1)-dimensional subspace with n(n−1)k constant curvature and volume
ωn−1. k is a constant and characterizes the hypersurface. Without loss of generality,
the value of k is −1, 0, 1, which correspond to a negative (hyperbolic), zero (flat),
positive (elliptic) constant curvature hypersurface in the metric (5), respectively. m
and q are integration constants. According to the definition of mass due to Abbott
and Deser [63, 64], the mass takes the form
M =
(n− 1)b(n−1)γmωn−1
16π(α2 + 1)
. (7)
The charge is
Q =
qωn−1
4π
. (8)
The electric potential is At = − qb
(3−n)γ
λrλ
, where λ = (n − 3)(1 − γ) + 1. The thermo-
dynamic properties in the extended phase space of the (n + 1)-dimensional dilaton
black holes were deeply discussed in [65, 66, 67, 68, 69, 70].
In this paper, our interest is focused on the overcharging problem and thermody-
namics in the extended phase spaces of the five-dimensional black holes. Therefore,
we let n = 4 in the metric (5). Considering that the cosmological constant is a variable
related to pressure, P = − Λ8pi = n(n−1)16pil2 , we replace the cosmological constant with
the pressure in the following discussions. In the absence of the non-trivial dilaton
(α = 0), the solution (6) is reduced to
f(r) = k − M
r2
16π
3ω3
+
Q2
r4
16π2
3ω23
+
4
3
πr2P, (9)
Thus the metric (5) describes a five-dimensional anti-de Sitter topological spacetime
where R(r) = 0. Now the electric potential is given by
At = −2πQ
ω3r2
. (10)
The Hawking temperature and entropy are
4
T =
f ′(r+)
4π
, S =
ω3r
3
+
4
, (11)
respectively. r+ is the event horizon radius derived by f(r) = 0. The mass is expressed
by the entropy, charge and pressure
M =
3kω3
16π
(
4S
ω3
) 2
3
+
πQ2
ω3
(
ω3
4S
) 2
3
+
ω3P
4
(
4S
ω3
) 4
3
. (12)
Here, S, Q and P are regarded as the extensive parameters for the mass M . Their
conjugate quantities are the temperature, electric potential and volume, respectively.
T =
(
∂M
∂S
)
Q,P
=
kω3
8π
(
4
ω3
) 2
3
S−
1
3 − 2πQ
2
3ω3
(
ω3
4
)
S−
5
3 +
ω3P
3
(
4
ω3
) 4
3
S
1
3 ,
φ =
(
∂M
∂Q
)
P,S
=
2πQ
ω3r2+
, V =
(
∂M
∂P
)
S,Q
=
ω3r
4
+
4
. (13)
After a straightforward calculation, it is easily found that these thermodynamic quan-
tities obey the first law of thermodynamics
dM = TdS + φdQ+ V dP, (14)
and the Smarr relation
2M = 3TS + 2φQ− 2V P. (15)
In what follows the thermodynamics are investigated by the absorptions of the scalar
particle and fermion and the first law of thermodynamics is recovered.
3 Particles’ absorption
3.1 Scalar particle’s absorption
In this subsection, we discuss the absorption of the scalar particle in the five-dimensional
spacetime. In the curved spacetime, the motion of the charged scalar particle obeys
the Klein-Gordon equation
1√−g
(
∂
∂xµ
− iqe
h¯
Aµ
)[√−ggµν ( ∂
∂xν
− iqe
h¯
Aν
)]
ΨS − m
2
e
h¯2
ΨS = 0, (16)
whereme and qe are the mass and charge of the particle, respectively. ΨS is the scalar
field. Following the ansatz [71, 72, 73], we use the WKB approximation and adopt
the following expression of the wave function
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ΨS = exp(
i
h¯
Is + I1 +O(h¯)). (17)
Inserting the above ansatz and the contravariant metric components of the five-
dimensional black hole into the Klein-Gordon equation yields an equation about the
action Is. Dividing by the exponential term and taking the leading contribution of h¯,
we get
f−1(∂tIs − qeAt)2 − f(∂rIs)2 − g22(∂θ2Is)2 − g33(∂θ3Is)2 − g44(∂θ4Is)2 +m2e = 0. (18)
Here we use θ2, θ3, θ4 to express the coordinates x
2, x3, x4, respectively. And g22, g33
and g44 are the corresponding contravariant metric components in the five-dimensional
metric. Their expressions are not specified here, since they do not affect the later cal-
culation result. This is different from the previous discussion of tunneling radiation
with consideration of quantum gravity effects [74]. Taking into account the symme-
tries of the spacetime, we carry out the separation of variables to the action,
Is = −ωt+W (r) + Θ(θ2, θ3, θ4). (19)
In the above equation, ω is the energy of the absorbed scalar particle. Substituting
the separated action into Eq. (18) and solving it yield
∂rW = ±
√(
ω − qe 2piQω3r2
)2
+ [m2e − g22(∂θ2Θ)2 − g33(∂θ3Θ)2 − g44(∂θ4Θ)2] f
f
, (20)
where +(−) denote the cases of the ingoing (outgoing) particles. We assume that
the particle is completely absorbed by the black hole. Then the negative sign in the
above equation is neglected. Defining pr = ∂rIs, we get
pr = grrpr
=
√(
ω − qe 2πQ
ω3r2
)2
+ [m2e − g22(∂θ2Θ)2 − g33(∂θ3Θ)2 − g44(∂θ4Θ)2] f, (21)
Near the event horizon, we have f(r)→ 0 and the above equation is simplified to
pr = ω − qeφ, (22)
where φ = 2piQ
ω3r
2
+
represents the electric potential at the event horizon. The condition
of the superradiation is that the boundary condition of the scalar field should be
in the asymptotic region and ω < qeφ. In this paper, the effects of superradiation
are not taken into account, which leads to ω > qeφ and p
r > 0. The relation (22)
plays an important role in the derivation of thermodynamics and is recovered by the
absorption of the fermion in the next subsection.
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3.2 Fermion’s absorption
In this subsection, we use a charged fermion with spin-1/2 to discuss its absorption
at the event horizon. The motion of the fermion obeys the Dirac equation in curved
spacetime
iγµ
(
∂µ +Ωµ +
i
h¯
qeAµ
)
ΨF +
me
h¯
ΨF = 0, (23)
where me and qe denote the mass and charge of the fermion, respectively. ΨF is
the wave function. Ωµ ≡ i2ωµ abΣab, ωµ ab is the spin connection defined by the
ordinary connection and the tetrad eλ b, namely, ωµ
a
b = eν
aeλ bΓ
ν
µλ − eλ b∂µeλ a.
The Greek indices are raised and lowered by the curved metric gµν . The Latin indices
are governed by the flat metric ηab. The construction of the tetrad needs to use the
following definitions
gµν = eµ
aeν
bηab, ηab = gµνe
µ
ae
ν
b, e
µ
aeν
a = δµν , e
µ
aeµ
b = δba. (24)
The Lorentz spinor generators are defined by Σab =
i
4
[
γa, γb
]
and γa satisfy {γa, γb} =
2ηab. We can readily construct the γµ’s in curved spacetime as
γµ = eµ aγ
a, {γµ, γν} = 2gµν . (25)
For a spin-1/2 fermion, there are two states corresponding to spin up and spin
down. First of all, we discuss the spin up state. The wave function takes the form
ΨF↑ =


A
0
B
0

 exp
(
i
h¯
I↑
)
, (26)
where A, B and I↑ are the functions of (t, r, θ2, θ3, θ4). To solve the wave function,
we should construct the γµ matrices. There are many choices to construct them. For
the five-dimensional metric, we first choose the tetrad
eµ
a = diag
(√
f, 1/
√
f,
√
g22,
√
g33,
√
g44
)
. (27)
Then the γµ matrices are
γt =
1√
f (r)
(
0 I
−I 0
)
, γθ2 =
√
g22
(
0 σ1
σ1 0
)
,
γr =
√
f (r)
(
0 σ3
σ3 0
)
, γθ3 =
√
g33
(
0 σ2
σ2 0
)
,
γθ4 =
√
g44
(
−I 0
0 I
)
. (28)
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σ1, σ2 and σ3 are the Pauli matrices and I is a identity matrix. Inserting the spin
connection, wave function and gamma matrices into the Dirac equation, dividing the
exponential term and multiplying by h¯ yield four equations to the leading order in h¯.
They are
−B 1√
f
(∂tI↑ − qeAt)−B
√
f∂rI↑ +A
√
g44∂θ4I↑ +Ame = 0, (29)
A
1√
f
(∂tI↑ − qeAt)−A
√
f∂rI↑ −B
√
g44∂θ4I↑ +Bme = 0, (30)
−B
[√
g22∂θ2I↑ + i
√
g33∂θ3I↑
]
= 0, (31)
−A
[√
g22∂θ2I↑ + i
√
g33∂θ3I↑
]
= 0. (32)
The last two equations are simplified to an equation and yield g22(∂θ2I↑)
2+g33(∂θ3I↑)
2 =
0. Previous discussions have shown that the contribution of the angular part does
not affect the results of the tunneling radiation when quantum gravity effects are not
taken into account [74]. Therefore, we focus on the first two equations. Due to the
same symmetry in the black hole spacetime, we still adopt the separation of variables
in the above subsection
I↑ = −ωt+W (r) + Θ(θ2, θ3, θ4). (33)
Now ω denotes the energy of the absorbed fermion. Combining these two equations
and eliminating A and B, we get an equation about the action I↑. Substituting the
separated variables into this equation and solving it, we get
∂rW = ±
√(
ω − qe 2piQω3r2
)2
+ [m2e − g44∂θ4I↑] f
f
, (34)
where +(−) denote the cases of the ingoing (outgoing) fermion. As addressed in the
above subsection, the particle is assumed to be completely absorbed. Therefore, there
is no outgoing fermion. Using the definition pr = ∂rI↑, we get p
r = grr∂rI↑. Near the
event horizon,
pr = ω − qeφ, (35)
where φ is the electric potential at the event horizon given by Eq. (13). It recovers
the relation gotten by the absorption of the scalar particle. For the spin down, the
calculation is parrel and the same relation (35) is gotten.
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4 Thermodynamics and particles’ absorption
Thermodynamics of black holes were deeply discussed through particles’ tunnelling
across event horizons. In this section, it is shown that the thermodynamics in the
extended phase space of the five-dimensional black hole can be recovered by the
absorptions of the scalar particle and fermion. The relation pr = ω−qeφ is used in the
derivation. Therefore, the particle can be either a scalar particle or a fermion. When
a particle with energy and charge falls into the black hole, the energy and charge of
the black hole increase. Let f(M,Q,P, r+) = f(r+) represent the metric component
of the original state of the black hole and f(M+dM,Q+dQ,P +dP, r++dr+) be the
metric component of the final state after the particle being absorbed. These metric
components satisfy
f(M + dM,Q+ dQ,P + dP, r+ + dr+)− f(M,Q,P, r+) =
∂f(M,Q,P, r)
∂M
∣∣∣∣
r=r+
dM +
∂f(M,Q,P, r)
∂Q
∣∣∣∣
r=r+
dQ+
∂f(M,Q,P, r)
∂P
∣∣∣∣
r=r+
dP
+
∂f(M,Q,P, r)
∂r
∣∣∣∣
r=r+
dr+, (36)
where
∂f(M,Q,P, r)
∂M
∣∣∣∣
r=r+
= − 16π
3ω3r2+
,
∂f(M,Q,P, r)
∂Q
∣∣∣∣
r=r+
=
32π2Q
3ω23r
4
+
,
∂f(M,Q,P, r)
∂P
∣∣∣∣
r=r+
=
4πr2+
3
,
∂f(M,Q,P, r)
∂r
∣∣∣∣
r=r+
= 4πT. (37)
Following Gwak’s work, we assume that the final state is still a black hole. This
implies f(M + dM,Q+ dQ,P + dP, r+ + dr+) = f(M,Q,P, r+) = 0. From Eqs. (36)
and (37), the increase of the horizon radius takes the form
dr+ =
4pr
3ω3r2+T − 4ω3r3+P
. (38)
Using the entropy relation S = 14ω3r
3
+ yields
dS =
3pr
3T − 4r+P , (39)
which shows that the increase of the entropy is related to the Hawking temperature,
pressure and pr. For the non-extremal black hole or the fixed cosmological constant,
we readily get dS > 0, which implies that the entropy increase when the particle
is absorbed by the black hole. In the extremal and near-extremal cases, dS < 0.
This implies that the entropy decreases when the particle falls into the black hole. It
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violates the second law of thermodynamics which shows the entropy never decreases
in the clockwise direction.
We associate the particle’s energy and charge with the increases of the internal
energy and charge of the black hole,
ω = dU, qe = dQ. (40)
Since the cosmological constant is regarded as the thermodynamic pressure, the black
hole mass is seen as the enthalpy. The relationship between the mass and internal
energy is
U =M − PV. (41)
Combining Eqs. (39), (40) and (41) yields
dM = TdS + φdQ+ V dP, (42)
which is the first law of thermodynamics recovered by the absorptions of the scalar
particle and fermion. This derivation is inevitable, since the final state of the black
hole after the particle being absorbed was assumed to be still a black hole.
5 Overcharging problem in the extremal and near-extremal
black holes
In this section, we test the WCCC in the extremal and near-extremal five-dimensional
black holes by the absorptions of the scalar particle and fermion. Here the final states
of the black holes are unknown. An effective way to test the WCCC is to check
whether a event horizon exists when a particle with energy and large enough charge
or angular momentum falls into a black hole. The event horizon is determined by the
metric component f(r). If the minimal value of f(r) is negative or zero, the horizon
exists. Otherwise, the horizon does not exist.
We use f(M,Q,P, r0) to represent the metric component of the original state and
f(M + dM,Q + dQ,P + dP, r0 + dr0) to denote the metric component of the final
state, where r0 is the location of the minimal value. The relation between these two
metric components is
f(M + dM,Q+ dQ,P + dP, r0 + dr0) = f(M,Q,P, r0) +
∂f(M,Q,P, r)
∂r
∣∣∣∣
r=r0
dr0
∂f(M,Q,P, r)
∂M
∣∣∣∣
r=r0
dM +
∂f(M,Q,P, r)
∂Q
∣∣∣∣
r=r0
dQ+
∂f(M,Q,P, r)
∂P
∣∣∣∣
r=r0
dP, (43)
where
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f(M,Q,P, r0) = k − M
r20
16π
3ω3
+
Q2
r40
16π2
3ω23
+
4
3
πr20P,
∂f(M,Q,P, r)
∂r
∣∣∣∣
r=r0
= 0,
∂f(M,Q,P, r)
∂P
∣∣∣∣
r=r0
=
4πr20
3
,
∂f(M,Q,P, r)
∂M
∣∣∣∣
r=r0
= − 16π
3ω3r20
,
∂f(M,Q,P, r)
∂Q
∣∣∣∣
r=r0
=
32π2Q
3ω23r
4
0
, (44)
For the extremal black hole, its Hawking temperature is zero. The location of the
event horizon coincides with that of the minimal value, namely, r+ = r0. Thus,
f(M + dM,Q+ dQ,P + dP, r0 + dr0)
= f(M,Q,P, r+) +
16π
3ω3r2+
[dM − V dP − φdQ]
= 0, (45)
where f(M,Q,P, r+) = 0 and the first law of thermodynamics for the extremal black
hole were used to derive the second equal sign. It shows that the final state of the
extremal black hole is still a extremal one with new mass and charge. Therefore, the
extremal black hole can not be overcharged.
In the near-extremal case, f(M,P,Q, r0) < 0. We order r0 = r+ − ǫ, where
0 < ǫ≪ 1. Eq. (43) is reduced to
f(M + dM,Q+ dQ,P + dP, r0 + dr0) = f(M,Q,P, r0) +O(ǫ)
− 16π
3ω3r
2
+
(
1 +
4ǫ
r+
)
3Tpr
3T − 4r+P +
2ǫ
r+
(
16π
3ω3r
2
+
dM − 4πr2+dP
)
. (46)
The near-extremity leads to T → 0. Considering r+ ∼ l ≫ 1 ≫ ǫ, we neglect the
second term of the second line in the above equation. Thus we get f(M + dM,Q +
dQ,P + dP, r0 + dr0) < 0. It shows that the final state of the near-extremal black
hole is still a near-extremal one with the new mass and charge.
Therefore, the extremal and near-extremal five-dimensional black holes can not be
overcharged by absorbing the scalar particle or fermion with mass and large enough
charge.
6 Discussion and Conclusion
In this paper, we investigated the overcharging problem and thermodynamics in the
extended phase spaces of the five-dimensional spherically symmetric topological black
holes by the absorptions of the scalar particle and fermion. In the investigation, the
cosmological constant was regarded as a variable related to pressure and its conjugate
quantity is the thermodynamic volume. The calculations of the absorptions of the
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scalar particle and fermion reduced to the same relation pr = ω − qeφ. This relation
is full in consistence with that gotten by the Hamilton-Jacobi equation [46]. Maybe
the reason is that the Hamilton-Jacobi equation can be derived by the Klein-Gordon
equation and Dirac equation. This derivation is referred to Ref. [75]. We used this re-
lation to discuss the thermodynamics and recovered the first law of thermodynamics.
This result is inevitable because the final state of the black hole after the particles
being absorbed was assumed to be still a black hole. But the second law of ther-
modynamics was violated in the near-extremal and extremal black holes. The event
horizon is determined by the metric component f(r). To check the existence of the
horizons at the final stages of the extremal and near-extremal black holes, we estimate
the minimal values of the metric component. For the extremal black hole, its minimal
value is zero, which shows that the final state is still a extremal black hole. For the
near-extremal black hole, its minimal value is a negative value, which corresponds to
a near-extremal black hole with new mass and charge. Therefore, the extremal and
near-extremal black holes can not be overcharged.
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